This paper provides new common fixed point theorems for pairs of multivalued and single-valued mappings operating between ordered Banach spaces. Our results lead to new existence theorems for a system of integral inclusions.
Introduction
Over the last decades, a lot of research has been devoted to the study of the existence of common fixed points for pairs of single-valued and multivalued mappings in ordered Banach spaces [-] . In a recent paper, Dhage [] proved some common fixed point theorems for pairs of weakly isotone condensing mappings in an ordered Banach space. Due in part to the immediate application of this interesting result to differential and integral equations, many researchers tried to obtain the conclusion of [] under weaker assumptions; for example, see [, ] , and [] . However, all results so far obtained in this direction need to assume some compactness conditions relative to the strong topology (Monch-type conditions, contractiveness, or condensiveness with respect to a measure of noncompactness). In the present work, we show that some compactness conditions relative to the weak topology are sufficient and reasonably convenient to get the same conclusion as in [] . More precisely, we combine the advantages of the strong topology (i.e. the involved mappings will be closed with respect to the strong topology) with the advantages of the weak topology (i.e. the maps will satisfy some compactness conditions relative to the weak topology) to draw new conclusions about common fixed point for a pair of multivalued mappings. Our results furnish an efficient tool to develop an existence theory for a system of integral inclusions (see Section ).
The article is arranged as follows. Firstly, new applicable common fixed point results are presented in Section . In Section , we prove the existence of continuous solutions to a system of integral inclusions under appropriate assumptions. In particular, we illustrate how the compactness requirements used in the literature for such a class of integral inclusions may be relaxed. In the remainder of this section, we gather some notation and preliminary facts. Let X be a real Banach space, and let P be a subset of X. The set P is called an order cone if:
(i) P is closed, nonempty, and P = {}, (ii) a, b ∈ R, a, b ≥ , x, y ∈ P ⇒ ax + by ∈ P, (iii) x ∈ P and -x ∈ P ⇒ x = . An order cone permits to define a partial order in X by x ≤ y iff y -x ∈ P. The positive cone of X is defined by X + = {x ∈ X :  ≤ x}. The order cone P is called normal if there is N >  such that, for all x, y ∈ X, we have
Remark . (i) Let K be a compact Hausdorff space, and E be an ordered Banach space with normal positive cone. We denote by C(K, E) the Banach space of all continuous E-valued functions on K with the usual maximum norm. C(K, E) is an ordered Banach space with natural ordering whose positive cone is given by
(ii) Let be a Lebesgue-measurable subset of R n . Each of the Banach spaces L p ( ),  ≤ p ≤ ∞, is an ordered Banach space with respect to the natural ordering, whose positive cone is normal [] .
The following definitions are frequently used in the subsequent part of this paper.
Definition . []
Let M be a nonempty subset of an ordered Banach space X, and let S, T : M →  M be two mappings. We say that S is T-weakly isotone increasing (resp. Tweakly isotone decreasing) if for all x ∈ M, y ∈ S(x), and z ∈ T(y), we have
We say that S is T-weakly isotone if it is either T-weakly isotone increasing or T-weakly isotone decreasing.
Definition . []
Let M be a nonempty subset of an ordered Banach space X. A mapping T : M →  M is said to be monotone-closed (resp. weakly monotone-closed) if for each monotone sequence {x n } in M with x n → x  (resp. x n x  ) and for each sequence {y n } with y n ∈ T(x n ) and y n → y  (resp. y n y  ), we have y  ∈ T(x  ).
Let M be a nonempty subset of an ordered Banach space X, and let a ∈ M. Let S, T : M →  M be two mappings. For later use, we introduce the following conditions.
(A) If {x n } is a monotone sequence of M such that {x n } ⊂ {a} ∪ S {x n } ∪ T {x n } , then {x n } has a weakly convergent subsequence. (A) If {x n } is a monotone sequence of M such that {x n } ⊂ {a} ∪ S T {x n } , then {x n } has a weakly convergent subsequence. In what follows, by ψ we denote a measure of weak noncompactness (MWNC) on the Banach space X. We refer the reader to [] for the axiomatic definition of such a measure. One of the most frequently exploited measures of weak noncompactness was defined by De Blasi [] as follows:
for each bounded subset M of X; here, B r stands for the closed ball of X centered at origin with radius r.
Let M be a closed convex subset of X, and let T, S : M ⊆ X →  X be two mappings.
The pair (S, T) is said to be weakly condensing (resp. weakly countably condensing) if T(M) and S(T(M)) are bounded and there is an MWNC ψ on X such that for every bounded (resp. countable bounded) subset A of M such that ψ(A) >  and ψ(T(A)) > , we have ψ(S(T(A))) < ψ(A). The pair (S, T) is said to be weakly monotone-condensing if T(M) and S(T(M))
are bounded and there is an MWNC ψ on X such that for every bounded monotone sequence
Remark . It is worth mentioning that if (S, T) is weakly monotone-condensing, then (S, T) satisfies (A).

Common fixed point theorems
Before proceeding with the main results, we give a useful technical lemma, which we will employ in the sequel. This result is really interesting and may have several applications. It says that every monotone sequence that has a weakly convergent subsequent is strongly convergent. The proof can be adapted from [], Theorem .(c). However, we provide here a different proof.
Lemma . Let X be an ordered real Banach space with a normal order cone. Suppose that
{x n } is a monotone sequence that has a subsequence {x n k } converging weakly to x ∞ . Then
Proof Suppose that {x n } n is increasing. Let {x n k } k be a subsequence of {x n } n that converges weakly to x ∞ , and let
be the closed convex hull of {x n k : k ≥ }. Since the norm-closure of F coincides with the weak closure, it follows that x ∞ ∈ F . Hence, for each > , there exist
Keeping in mind that the cone is normal with constant N , we infer that
As a result, x n k → x ∞ , and so
for m ≥ n k . Using once again the fact that the cone is normal with constant N , we get
Consequently, {x n } converges strongly to x ∞ , as desired. The case where {x n } is decreasing is similar. This completes the proof. Now we are in a position to state the main result of this section. 
(ii) S is T-weakly isotone.
Then T and S have a common fixed point.
Proof Let x ∈ M be fixed. Consider the sequence {x n } defined by
Suppose first that S is T-weakly isotone increasing on M. Notice that x  ∈ Sx  and x  ∈ Tx  . Since Sx  ≤ Ty ≤ Sz for all y ∈ Sx  and z ∈ Ty, it follows that Sx  ≤ Tx  ≤ Sx  . In particular,
Now, it is a simple matter to check that
From our assumptions we know that {x n } has a weakly convergent subsequence. Referring to Lemma ., we see that {x n } is strongly convergent. Let x * be its strong limit.
Now since x n+ ∈ Sx n and S is monotone-closed (or weakly monotone-closed), we have x * ∈ Sx * . Similar arguments yield x * ∈ Tx * . To complete the proof, we consider the case where S is T-weakly isotone decreasing on M. In this case, the sequence {x n } is monotone decreasing. Following the previous reasoning, we show that {x n } converges strongly to a common fixed point of S and T.
Remark . (i) If X is a reflexive Banach space and M is bounded, then in Theorem ., we assume only (ii) (since the closed unit ball is weakly compact). (ii) If S and T are only weakly monotone closed, then we can draw the same conclusion.
From Theorem . we can derive several important corollaries. We present a number of selected corollaries that extend and encompass several well-known results in the literature. 
Corollary . Let M be a closed subset of an ordered Banach space X with normal order cone, and let S, T : M →  M be two monotone-closed mappings. In addition, suppose that S is a T-weakly isotone mapping and the pair (S, T) satisfies (A). Then S and T have a
Corollary . Let M be a closed subset of an ordered Banach space X with normal order cone, and let S, T : M →  M be two closed (with closed graph), weakly countably condensing weakly isotone mappings. Then S and T have a common fixed point.
Corollary . Let M be a closed subset of an ordered Banach space X with normal order cone, and let S, T : M →  M be monotone-closed and such that the pair (S, T) is weakly monotone-condensing. If S is a T-weakly isotone mapping, then S and T have a common fixed point.
Remark . Corollary . extends [], Theorem .. In [] the pair (S, T) is assumed to be monotone-condensing.
Another consequence of Theorem . is the following.
Corollary . Let X be an ordered Banach space with a normal order cone, and ψ a measure of weak noncompactness on X. Let M be a nonempty closed convex subset of X, and S, T : M →  M be two monotone-closed mappings satisfying: (i) S is  -ψ-monotone-contractive, that is, S(M) is bounded, and for every bounded monotone sequence {x n } of M, we have ψ(S({x n })) ≤ ψ({x n }); (ii) T is ψ-monotone-condensing, that is, T(M) is bounded, and for every bounded monotone sequence {x n } of M with ψ({x n }) > , we have ψ(T({x n })) < ψ({x n }); (iii) S is T-weakly isotone.
Then T and S have a common fixed point.
Proof Thanks to Theorem ., it suffices to show that the pair (S, T) is weakly monotonecondensing. To see this, let {x n } a bounded monotone sequence of M with ψ({x n }) >  and ψ({Tx n }) > . Then
This achieves the proof. Whereas our interest lies in ensuring the existence of common fixed points for multivalued mappings in ordered Banach spaces, we will not rule out the possibility that the involved operators are single-valued. Consequently, the results reported here also hold for single-valued mappings with slight modifications. Specifically, the single-valued version of Theorem . reduces to the following:
Theorem . Let X be an ordered Banach space with a normal order cone. Let M be a nonempty closed convex subset of X, and S, T : M → M be two monotone-continuous (or weakly monotone-continuous) mappings satisfying: (i) The pair (S, T) satisfies (A) or (A); (ii) S is T-weakly isotone. Then T and S have a common fixed point.
Recall that T : M → M is said to be monotone-continuous (resp. weakly monotone continuous) if for any monotone sequence (x n ) that converges strongly (resp. weakly) to x the sequence (Tx n ) converges strongly (resp. weakly) to Tx.
Similarly to the multivalued case, we can get the following corollaries and related results. 
Corollary . Let M be a closed subset of an ordered Banach space X with normal order cone, and let S, T : M → M be two monotone-continuous mappings. Suppose in addition that S is a T-weakly isotone mapping and the pair (S, T) satisfies (A). Then S and T have
Application
Consider the nonlinear integral inclusions
Here E is a Banach space with norm · E . By a common solution for the integral inclusions (.) and (.) we mean a continuous function x : [, ] → E such that 
, E) and consider the order interval [a, b] , which is well defined in view of (H). To allow the abstract formulation of our problem, we define two multivalued
Our strategy is to apply Corollary . to find a common fixed point for the multivalued mappings S and T that is, in turn, a common solution to the integral inclusions (.) and (.). First, notice that a similar reasoning as in [] yields that S and T are weakly isotone and have closed graphs. Now we show that the pair (S, T) is weakly countably condensing. 
